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Boolean networks

Boolean Networks
@ A finite set V of n element and n states variables
x, € {0,1}, ve VvV
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Boolean networks

@ A finite set V of n element and n states variables

Boolean Networks L 7

x, € {0,1}, ve VvV @ ‘
—_—
@ A global activation function v »
f = (Avev : {0,1)" = {0,1}" pg e
@ Composed by local activation functions fi(x) ; x; V x3
fv:{0,1}" — {0, 1} f1(x) = x3 A xa
o & S = =
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Boolean networks

fi(x) =x2 A xq

s =1 s(1)=1
(x) = x1 @Q—0®
f3(x) =x Vx3
fa(x) = x3 A\ xa

Schedule:

Synchronous: s = {1,2,3,4} ({)—1 s(4) Q1

o = = =
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Boolean networks
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Boolean networks

f(x) =x2 A xa

h(x) = x1 o—0O

f3(x) =x2 V x3

fa(x) = x3 A\ xa L 7
Schedule: U@\_"‘D
Asynchronous: s = {i}

[m] = = =
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Boolean networks

f(x) =x2 A xa

h(x) = x1 o—0O

f3(x) =x2 V x3

fa(x) = x3 A\ xa L 7
Schedule: U‘\_"‘D
Asynchronous: s = {3}

[m] = = =
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Boolean networks

f(x) =x2 A xa

h(x) = x1 o—0
f3(x) =x2 V x3
fa(x) = x3 A\ xa L 7
Schedule: U‘\_"‘D
Asynchronous: s = {1}
= & = =
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Boolean networks

f(x) = x2 A\ xa

h(x) = xi 0—0
f3(x) = x2 V x3 L 7
fa(x) = x3 A\ xa
Schedule: @\__v‘b
Sequential: s = {1} {2} {3} {4} B-s D

o =] = =
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Boolean networks

f(x) =x2 A xa

s(2) =2 s(1)=2
h(x) = x1 o—0O
f3(x) =x2 V x3
fa(x) = x3 A\ xa
Schedule:
Block-sequential: s = {3,4} {1,2} ({) =1 4) Ql
o = = =
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Boolean networks

f(x) =x2 A xa

s(2) =2 s(1)=2
h(x) = x1 Q=—0
f3(x) =x2 V x3
fa(x) = x3 A\ xa
Schedule:
Block-sequential: s = {3,4} {1,2} ({) =1 4) Ql
o = = =
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Asynchronous
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Asynchronous

1010

1001 — > 1101

1011

0101 = 0001

0010
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Dynamical behavior of deterministic
update schedule

The iteration of the Boolean network is given by:

x‘l,“Irl = fv(xl“ veV), |I,= k i s(v) < s(u)
k+1

(
if s(v) > s(u)
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Dynamical behavior of deterministic

update schedule

The iteration of the Boolean network is given by:

XL ye V), l, = k ?f s(v) < s(u)
k+1 ifs(v)>s(u)

Dynamical behavior

f*:{0,1}" — {0,1}"

Xy if s(v) < s(u)

fi(x) = f(giu(x): ue V), g, (x) = {fs(x) if s(v) > s(u)
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Example of dynamical behavior

s1=1{1,2,3,4}

o F
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Example of dynamical behavior

s1={1,2,3,4} s = {1} {2} {3} {4}

o F
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Example of dynamical behavior

s1={1,2,3,4} s = {1} {2} {3} {4}

2(x) = xa A xq
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Example of dynamical behavior

s1={1,2,3,4} s = {1} {2} {3} {4}

2(x) = xa A xq
2(x) = xa A xq

o F
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Example of dynamical behavior

s1={1,2,3,4} s = {1} {2} {3} {4}

2(x) = xa A xq
2(x) = xa A xq
£52(x) = (x2 A xa) V x3

o F
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Example of dynamical behavior

s1={1,2,3,4} s = {1} {2} {3} {4}

71(x) = x2 A xq 2(x) = xa A xq

() = x £2(x) = 0 A xa

£51(x) =x VX3 £52(x) = (x2 A xa) V x3

(X)) =x3 A xa 2(x) = (2 A xa) V Xx3) A xa

[m] = = =
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Example of dynamical behavior

s1=1{1,2,3,4} s = {1} {2} {3} {4} s3={3,4}{1,2}
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Example of dynamical behavior

s1=1{1,2,3,4} s = {1} {2} {3} {4} ss = {3,4}{1,2}
71(x) = x2 A xq 2(x) = xa A xq 3 (x) =x2 Axz Axq
1 (x) = x1 2(x) = xa A xq 3 (x) = x1
£51(x) =x VX3 £52(x) = (x2 A xa) V x3 fs3 (x)=x2V x3
(X)) =x3 A xa 2(x) = (2 A xa) V Xx3) A xa f (X)) =x3 A xa

[m] = = =
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Dynamics

s1=1{1,2,3,4}
so={1} {2} {3} {4}
s3=1{3,4}{1,2}

State fo1 fs2 fs3

0 | 0000 | 0000 | 0000 | 0000

1 | 0001 | 0000 | 0000 | 0000

2 | 0010 | 0010 | 0010 | 0010

3 | 0011 | 0011 | 0011 | 0011

4 | 0100 | 0010 | 0000 | 0010

5 | 0101 | 1010 | 1110 | 0010

6 | 0110 | 0010 | 0010 | 0010

7 0111 1011 1111 1011

8 | 1000 | 0100 | 0000 | 0100

9 | 1001 | 0100 | 0000 | 0100

10 | 1010 | 0110 | 0010 | 0110
11 | 1011 | 0111 | 0011 | 0111
12 | 1100 | 0110 | 0000 | 0110
13 | 1101 | 1110 | 1110 | 0110
14 | 1110 | 0110 | 0010 | 0110
15 | 1111 | 1111 | 1111 | 1111

®
@rkqpé{gcj
1 cO«@ <05 0«0
00
o
o 6P codd o
oo - ) [«
(9]
02
V.

0 <®
0<=®
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Dynamical problems related to schedule

@ Does there exists some invariant with respect to the update schedule?
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Dynamical problems related to schedule

@ Does there exists some invariant with respect to the update schedule?

@ Does there exist two different update schedules s;, s, such that the
function f updated with s; has the same dynamical behavior, that f
updated with s,7?
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updated with s; has the same attractors that f updated with s,?
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Problems

m Dynamical problems related to schedule

@ Does there exists some invariant with respect to the update schedule?

@ Does there exist two different update schedules s;, s, such that the
function f updated with s; has the same dynamical behavior, that f
updated with s,7?

© Does there exist two update schedules s;, s» such that the function f
updated with s; has the same attractors that f updated with s,?

@ Does there exist an update schedule s such that the function f
updated with s does not have limit cycles?

© Does there exist an update schedule s such that the function f
updated with s has limit cycles?
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Problems

m Dynamical problems related to schedule

@ Does there exists some invariant with respect to the update schedule?

@ Does there exist two different update schedules s;, s, such that the
function f updated with s; has the same dynamical behavior, that f
updated with s,7?

© Does there exist two update schedules s;, s» such that the function f
updated with s; has the same attractors that f updated with s,?

@ Does there exist an update schedule s such that the function f
updated with s does not have limit cycles?

© Does there exist an update schedule s such that the function f
updated with s has limit cycles?

@ Does there exist an update schedule s such that given

XXk oyt yR e {01}, F5(x)) = yi?
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Question 1

Fixed points does not change with different update schedules.
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Question 1

Fixed points does not change with different update schedules.
The iteration of the Boolean network is given by:
k+1 I k

x, T =f(xgueV), I,=

if s(v) <s(u
k+1

)
if s(v) > s(u)

[m] = - = P NEa
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and the limit cycles?

Theorem (Goles and Salinas (2008))

Let (f,sp) and (f,s) be two BNs where the loops are monotonic and such

that s is a sequential update. Then, there does not exists a common limit
cycle of both networks.

o & = Ha o
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and the limit cycles?

Theorem (Goles and Salinas (2008))

Let (f,sp) and (f,s) be two BNs where the loops are monotonic and such
that s is a sequential update. Then, there does not exists a common limit
cycle of both networks.

Theorem (Aracena, Goles, Moreira, Salinas (2009))

Let (f,s) be a Boolean network. There exists s' an sequential update
schedule such that (f,s") does not preserve the limit cycles of (F,s).
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and the limit cycles?

Theorem (Goles and Salinas (2008))

Let (f,sp) and (f,s) be two BNs where the loops are monotonic and such
that s is a sequential update. Then, there does not exists a common limit
cycle of both networks.

Theorem (Aracena, Goles, Moreira, Salinas (2009))

Let (f,s) be a Boolean network. There exists s' an sequential update
schedule such that (f,s") does not preserve the limit cycles of (F,s).

Proof(ldea)
Let {i,i2,...,in} with s(i1) < s(i) <--- < s(ip). Then,
s'()=n+1—j, ie s'(i1) > s'(i) > - > s'(in), verifies the property.
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Update digraph

A labeled digraph is a graph G with a label function /ab, (G, lab) such
that: lab: A(G) — {®,0}

We say that a labeled digraph is an update digraph if there exists

s: V(G) — {1,...,n}, an update function such that:

Y(u,v) € A(G), lab(u,v) = & <= s(u) > s(v)

s1={1,2,3,4} s2={1}{2} {3} {4} s ={3,4}{1,2}

SSRSES
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Question 2

Theorem (Aracena, Goles, Moreira, Salinas (2009))

Given two Boolean networks Ny = (f,s) and Np = (f,s") which differ only
in the update schedule. If the update digraphs associated to them are
equal, then both networks have the same dynamical behavior.

o F
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Question 2

Theorem (Aracena, Goles, Moreira, Salinas (2009))

Given two Boolean networks Ny = (f,s) and Np = (f,s") which differ only
in the update schedule. If the update digraphs associated to them are
equal, then both networks have the same dynamical behavior.

s= {2} {1}{3} {4} and &' = {2} {3} {1} {4}
@+—@

S

®
o 2% o ée«e cO@ B®

Of this way, we say that two update schedules are equivalent if and only if
they have the same update digraph.

Update Schedules in BN



New questions

@ Given a labeled digraph. Is it an update digraph?
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New questions

@ Given a labeled digraph. Is it an update digraph?

o If it is an update digraph. How do we find un update shedule with
this update digraph?

[m] = - = P NEa
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New questions

@ Given a labeled digraph. Is it an update digraph?

o If it is an update digraph. How do we find un update shedule with
this update digraph?

@ How many non-equivalent update schedules are there? How many
elements does each have?
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New questions

@ Given a labeled digraph. Is it an update digraph?

o If it is an update digraph. How do we find un update shedule with
this update digraph?

@ How many non-equivalent update schedules are there? How many
elements does each have?

@ Given a certain dynamical property. Is there an equivalence class that
holds it?
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Labels and Update digraphs

Reverse Digraph

Given (G, lab) a labeled digraph, we define the reverse digraph as
(Gy, lab,), where:
V(G,) = V(G)
A(G,) = {(u,v)/((v,u) € A(G) A lab(v,u) = &)
V((u,v) € A(G) A lab(u, v) = @)}
Eh ) =4 (v, u) € A(G) A fab(v,u) = ©
@ otherwise

Labeled digraph Reverse digraph

@/{7 ‘ﬂf@ @‘//% e
IV BV
&8 6=
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Labels and Update digraphs

A reverse path is a path in the reverse graph.
Labeled digraph

Reverse digraph
®
/ & ™

@—*@

e@
V.

@

= = - = DA
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Labels and Update digraphs

A reverse path is a path in the reverse graph.

Negative Reverse Path

A negative reverse path is a path with an arc labeled © in the reverse
graph.

Labeled digraph Reverse digraph

() )
@/{7 ‘QT@ @‘//ﬂ Z\@
YV o+ AL T
o=@ &0

[m] = = P NEa
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Labels and Update digraphs

Forbidden cycle
A forbidden cycle is a cycle with an arc labeled S in the reverse graph.

Theorem (Montalva (2012))

A labeled digraph is an update digraph if and only if there does not exist a
forbidden cycle in its reverse digraph.

Labeled digraph Reverse digraph

77 9

Update Schedules in BN
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Is it an update digraph?

[m] = = QR
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Is it an update digraph?

G Gg :
5D )
“//ve@ ‘ex‘ ‘//E 27‘
‘—@>‘e ®—®

[m] = = = = QR
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Is it an update digraph?
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(o
=
Q
(v
-~
=l
©
(]
s
T
©
Q
=
<
(0]
b~
=2
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Is it an update digraph?
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How | find the update schedule of a

labeling?
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How | find the update schedule of a

labeling?

G Gg
oD o @
Q{? ‘QXQ 067 ‘Gxﬁ
© ) D, A EB//@
&—0@ ® o
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How | find the update schedule of a
labeling?
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How | find the update schedule of a
labeling?
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How | find the update schedule of a
labeling?
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1

Does there exist an update schedule s such that given
ko1
e, Xy

yk € {0,1}", f5(x') = y'?

X

Transition problem (Question 6)

= = - = DA
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Transition problem (Question 6)

Does there exist an update schedule s such that given

xtoxk oyt vk e {0,117, F5(xT) = yi?

G Limit cycle
vevieD [w v v w w w v w w v
@ X0 1 0 1 0 0 0o 0 1 1 0
X! 1 0 1 1 0 [ 1 0 0
X2 1 0o 1 1 1 0 0 1 0 0
X3 1 0o 0o 1 1 0 0 0 0 0
x* 1 0 [ 1 0o o0 0 1 1
/‘ \ X5 1 0o o 0 1 o0 1 o0 1 1
Ve X 1 0 o 0o 0 0o 1 1 1 o0
X7 1 0o 1 0 0o 0o 0 1 1 0

Xy A _‘va) A ([_‘XV4 A _‘Xv5] Vv ng)

Xy A TXvg A TXg) V (xv6 A =Xy A —~XV10)

N Xy

A =xvy A =X A Xg)) A (Xvg V Xvg)

Xy A _'XV10) A ([_‘XV4 A _‘XV5] Vv [ng A _‘(XV4 A Xvg )

V10

—xvg A TXvyg) VXV (Xvg A Txugg)
Xvg V (XVS A Xvg N [x,,7 Vixyg V XVIO])
Xvy A T Xvg

-~ X

@—»@<
@,
EXXXEXXXXX
RN IR NI
LI T I I T T T
~— X~ X
4 S
N

J 4

Fauré, A., Naldi, A., Chaouiya, C., and Thieffry, D. (2006). Dynamical analysis of a generic

Boolean model for the control of the mammalian cell cycle. Bioinformatics, 22, 124-131.
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Transition problem (Question 6)

Does there exist an update schedule s such that given

xtoxk oyt vk e {0,117, F5(xT) = yi?

52

G Limit cycle
vevieD [w v v w w w v w w v
@ X 1 o 1 0 0 o0 o0 1 1 0
x 1 0o 1 1 0 0o 0 1 0 0
X2 1 0o 1 1 1 0 0 1 0 0
X3 1 0o 0o 1 1 0 0 0 0 0
D x* 1 0 [ 1 0o o0 0 1 1
/‘ \ X5 1 0o o 0 1 o0 1 o0 1 1
Ve X 1 0 o 0o 0 0o 1 1 1 o0
X7 1 0o 1 0 0o 0o 0 1 1 0

Xy A _‘va) A ([_‘XV4 A _‘Xv5] Vv ng)
Xy A TXvg A TXg) V (xv6 A =Xy A —~XV10)
A =X
v3 vy
A =xvy A 2(xig A X)) A (X Vo xug)
—xyy A —|><V10) A ([—\XV4 A —\XVS] \Y2 [XVS A —‘(x‘/4 A Xyg )])

V10

—xvg A TXvyg) VXV (Xvg A Txugg)
Xvg V (XVS A Xvg N [x,,7 Vixyg V XVlO])
Xvy A T Xvg

6 ®)
®)
/‘ @
*
=0—0
\%ﬂ\
(&3]
® &,
SIS
XXX XXXXX
1 Y e VA [ 1
AXA;;XAA.SX

-

SN
5SS
x X
I

J 4

Fauré, A., Naldi, A., Chaouiya, C., and Thieffry, D. (2006). Dynamical analysis of a generic

Boolean model for the control of the mammalian cell cycle. Bioinformatics, 22, 124-131.
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Transition problem (Question 6)

Does there exist an update schedule s such that given

xtoxk oyt vk e {0,117, F5(xT) = yi?

52
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x 1 0o 1 1 0 0o 0 1 0 0
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Xy A TXvg A TXg) V (xv6 A =Xy A —~XV10)
A =X
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V10

—xvg A TXvyg) VXV (Xvg A Txugg)
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6 ®)
®)
/‘ @
*
=0—0
\%ﬂ\
(&3]
© &,
SIS
XXX XXXXX
1 Y e VA [ 1
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-
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I
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Fauré, A., Naldi, A., Chaouiya, C., and Thieffry, D. (2006). Dynamical analysis of a generic

Boolean model for the control of the mammalian cell cycle. Bioinformatics, 22, 124-131.
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Update Digraph Extension Problem

UDE

Given a labeled digraph (G, lab), find the set S(G, lab) of all fully labeled
extensions lab’ of lab such that (G, /ab’) is an update digraph.

[m] = - = P NEa
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Complexity

CUDE
Given (G, lab) a labeled digraph, to determine the cardinality of the set
S(G, lab).
- = = E Qe



Complexity

CUDE
Given (G, lab) a labeled digraph, to determine the cardinality of the set
S(G, lab).
CUDE is #P-complete
- = = E E wae




Acyclic orientation problem
Given a graph to determine the number of acyclic orientations is #P-complete

T
T
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Acyclic orientation problem
Given a graph to determine the number of acyclic orientations is #P-complete

/®7g@
~\

N@
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Acyclic orientation problem
Given a graph to determine the number of acyclic orientations is #P-complete

@
3

® W

©)
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Acyclic orientation problem

Given a graph to determine the number of acyclic orientations is #P-complete
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Extension existence

Theorem (Extension)

Given G a digraph and G’ a subdigraph of G. if (G',lab’) is an update

digraph, then there exists lab : A(G) — {®, S} such that (G, lab) is an
update digraph and lab| oy = lab'.

[m] = = =
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S)

Propo n
Given a labeled digraph (G, lab) and an arc (i, j) with lab(i,j) = O:
@ If there exists a reverse path from i to j, then the arc (i, ) must be labeled &
@ [f there exists a negative reverse path from j to i, then the arc (i,j) must be labeled ©
/ w\
[S)
@+——F0

o
0
—®

o = =
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Proposition

Given a labeled digraph (G, lab) and an arc (i, j) with lab(i,j) = O
@ [f there exists a reverse path from i to j, then the arc (i,j) must be labeled ®

@ |[f there exists a negative reverse path from j to i, then the arc (i,j) must be labeled ©

@ Matrix M
AN
@ © ® VG)| 1 2 3 4 5
[¢) 1 00 1 co -1 oo
) 2 co oo oo -1 o™
(@) 3 -1 -1 0o -1 oo
@ @ 4 cO 00 00 00 00
5 cO o0 00 00 0
o @ = = =
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Proposition
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Reduce

Definition

Let (G, lab) be an update digraph and {Gi, ..., G} its positive strongly connected components.
We define its reduced labeled digraph by R(G, lab) = (G,g = (Vi4, And), labyq), where:

@ Vy={wv,...,w}
@ Ag = {(vi,)3(u,v) € A(G) N (V(G) x V(G))) }

labyg(vi, vj) = lab(u, v), if there exists (u,v) € (V(G;) X V(G;)) N Sup(lab) and
labrg(vi, vj) = O otherwise
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Let (G, lab) be an update digraph and {Gi, ..., G} its positive strongly connected components.
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Reduce

Definition

Let (G, lab) be an update digraph and {Gi, ..., G} its positive strongly connected components.
We define its reduced labeled digraph by R(G, lab) = (G,g = (Vi4, And), labyq), where:

@ Vy={wv,...,w}
@ Ag = {(vi,)3(u,v) € A(G) N (V(G) x V(G))) }

labyg(vi, vj) = lab(u, v), if there exists (u,v) € (V(G;) X V(G;)) N Sup(lab) and
labrg(vi, vj) = O otherwise
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Strongly connected components

Divide by SCC

Let (G, lab) an update digraph with SCC G, ..., G (ordered) over its
reverse extended digraph, then:

S(G,lab) =S (51, Iab|A(G1)> On:+ondS (Ek, Iab|A(Gk)>

17

@

@:::@
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Example: Division by SCC
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Example: Division by SCC
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Example: Division by SCC

D
o——0—0 |P ® ©
@@ @ ®
S(G[1,2], lab) = {{1,2},{2} {1}}
S(G[5], lab) = {{5}}
S(G[3,4], lab) = {{3} {4}, {4} {3}}
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Example: Division by SCC

(&)
@—0+—0 (9@ ® 6
@@ @ ®
S(G[1,2], lab) = {{1,2},{2} {1}}
S(GI5], lab) = {{5}}
S(G[3,4], lab) = {{3} {4} ,{4} {3}}
Then,

S(G, lab) = S(G[1,2], lab) 0, S(GI[5], lab) 0, S(G|[3, 4], lab)
= {{1,2} {5}, {2} {1} {5}} on {{3} {4} . {4} {3}}
= { {1,2} {5} {3} {4} , {1} {2} {5} {3} {4},

{12} {5} {4} {3}, {1} {2} {5} {4} {3} }
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Bridges

Divide by Bridges

Let (G, lab) a connected digraph, Gy the underlying digraph of G and
uv € E(Gy) a bridge that divide G in G; and Gy, then

S(G, lab) = S(Gt, lab| a(6,)) ©u,v} S(G2, lab|a(c,))

N - ®
@x«@) 2 / %
& e
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Example: Division by Bridges

\ ®
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Example: Division by Bridges
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Example: Division by Bridges

S1onm e S2 = {{1,2,3}, {3} {1, 2}, {3} {1} {2}} onmy 0 {{6} {5} {4}, {6} {4} {5}}

{1,2,3} {6} {5} {4} {6} {5} {4}{1,2,3} {6}{5}{4,1,2,3}
{31{1,2} {6} {5} {4} {6} {5}{4}{3}{1,2}  {3}{6}{5}{4,1,2}
{3t {1}{2} {6} {5} {4} {6} {5}{4}{3}{1}{2} {3}{1}{6}{5}{4,2}
{1,2,3} {6} {4} {5} {6} {4} {5}{1,2,3} {6}{4,1,2,3} {5}
{31{1,2} {6} {4} {5} {6} {4} {5}{3}{1,2}  {3}{6}{4,1,2} {5}
{3r{1r{2} {6} {4} {5} {6} {4 {5}{3}{1}{2} {3}{1}{6}{4,2}{5}
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Example: Updatelabel

. @ {5}
@l .
@ {3}

@< o {4}
/

® {3} {4} {5}
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. @ {5}
@] .
@ {3}

@< o {4}
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. @ {5}
@] .
@ {3}

< o {4}
/ @ {3}{4} {5}

) @ {1}

® {2}
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Example: Updatelabel

. @ {5}
@] .
@ {3}

< o {4}
/ @ {3}{4} {5} {3}{5}
) @ {1}
® {2}

{5}{3}
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Example: Updatelabel

. @ {5}
@] .
@ {3}

@< o {4}
/

® {3} {4} {5} {33514
. @ {1}
@ {2}

{5} {3} {4}
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Example: Updatelabel

. @ {5}
@] .
@ {3}

@< o {4}
/

® {3} {4} {5} {33514
. @ {1}
@ {2}

{5} {3} {4}
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Example: Updatelabel

. @ {5}
@, .
@ {3}

< o {4}
/

® (3} {4} {5} (35} (4 (1} (2}
i @ {1}
@ {2}

{5} {3} {4}{1}{2}

{34 {5} {1} {2}




Example: Updatelabel

<N (314 15)

) @ {1}
® {2}

LN O
=

{4}

® {5}
@ {3}

{3H{5}{4}{1}{2}
{5} {3} {4}{1}{2}
{3H{41{5} {1} {2}
{3H{5} {4} {2} {1}
{5} {3} {4} {2} {1}
{3H{4 {51 {2} {1}
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Example: Updatelabel

<N (314 15)

) @ {1}
® {2}

LN O
=

{4}

® {5}
@ {3}

{3H{5}{4}{1}{2}
{5} {3} {4}{1}{2}
{3H{41{5} {1} {2}
{3H{5} {4} {2} {1}
{5} {3} {4} {2} {1}
{3H{41{5} {2} {1}
{3{5}{4}{1,2}
{5} {3} {4}{1,2}
{3H{43{5}{1,2}
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Algorithm Example

Thank Youl
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