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Asynchronous Cellular Automata

An Asynchronous Cellular Automaton is a function F : QL QL7

o(t—1 2 _
FU(O)(X) = x: Fa(t)(x)z _ {f(F ( )(X)N(z)) if z = U(t)
Xz otherwise.
» N c Z9 is called the neighborhood
» f is the local function
» o :N — Z9 is the update scheme

In asynchronous cellular automata only changes one cell at each
time step.




Neighborhoods and Boolean Network

Main neighborhoods

von Neumann Moore
neighborhood neighborhood
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Definition (AsyncUnstabilityr)
Fis a FACA.

A n x n-periodic configuration x and a cell z.

Does there exist a updating scheme ¢ and T > 0
such that Fo(T)(x), # x,?
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The Problem

We will study the following FACA with von Neumann
neighborhood:

| |
fo: .ﬂj — . Or any permutation
Vi

on Neumann
neighborhood

Unstability (synchronous version of AsyncUnstability) is
P-complete for f,, then the question is :

Problem

Is AsyncUnstability NP-complete for £,7



Previous Works

Theorem (Goldschlager 1977)

Planar circuit value problem is P-complete.



Previous Works

Theorem (Goldschlager 1977)

Planar circuit value problem is P-complete.

1 2
| X
3 4
\ /
5



Previous Works

Theorem (Goldschlager 1977)

Planar circuit value problem is P-complete.

1 2

<
\/ 4
S




Previous Works

Theorem (Goldschlager 1977)

Planar circuit value problem is P-complete.

1 2
| X
3 4
\ /
5

2 +P
k3
4
‘ —5—
1

N
a — P — a

b
|
— @
N
:
!
b



Previous Works

Theorem (Goldschlager 1977)

Planar circuit value problem is P-complete.

b

1><T | 2 C/ 3H$>@Ha
37 4 k3 N |
\ / 4 ®
; || b3 l

{



Lemma |

South-East grid-embedded circuit SAT is NP-complete, with gates
A, V,0,C and S;, where S; sends a value for the South output and
the opposite value for the East output and C is a crossing gate.



Lemma |

South-East grid-embedded circuit SAT is NP-complete, with gates
A, V,0,C and S;, where S; sends a value for the South output and
the opposite value for the East output and C is a crossing gate.




Lemma |

South-East grid-embedded circuit SAT is NP-complete, with gates
A, V,0, C and S;, where S; sends a value for the South output and
the opposite value for the East output and C is a crossing gate.

1 2 3 4 5 6 7

P(x1,x2) = —x1 V X2 118|C|T|C|C|C|C
2 | C|S|C|C|T|C|C

s|clclv|c|c|c|c

s|-|Cclclv|c|c|c

s|C|clc|c|v|C|T

s |C|H|C|C|C|V|C

1| C|C|CIH|C|C|V




Lemma |

South-East grid-embedded circuit SAT is NP-complete, with gates
A, V,0, C and S;, where S; sends a value for the South output and
the opposite value for the East output and C is a crossing gate.

1 2 3

¢(X1, X2) = —x1 V X 1

Taa<aaa -
aAa<anHa -
al<lalnanal -
<aHdaanan -~

aOTooao N,
‘a2 aYalla)

OO0 0T O0n




Lemma |

South-East grid-embedded circuit SAT is NP-complete, with gates
A, V,0, C and S;, where S; sends a value for the South output and
the opposite value for the East output and C is a crossing gate.

1 2 3 4

d(x1,x2) = —x1 V X2 1 C\T|C
2 S CiC

3 c Vv C

a0
a0 <040 -

al<lalnanal -
<aHdaanan -~

(@)
T
a0 0




Lemma |

South-East grid-embedded circuit SAT is NP-complete, with gates
A, V,0, C and S;, where S; sends a value for the South output and
the opposite value for the East output and C is a crossing gate.

¢(X1,X2) = —x1 V X c C

al<lalnanal -
<aHdaanan -~




Lemma |

South-East grid-embedded circuit SAT is NP-complete, with gates
A, V,0, C and S;, where S; sends a value for the South output and
the opposite value for the East output and C is a crossing gate.

¢(X1, X2) = —x1 V X 1

<aH4a0ana-




Lemma |

South-East grid-embedded circuit SAT is NP-complete, with gates
A, V,0, C and S;, where S; sends a value for the South output and
the opposite value for the East output and C is a crossing gate.

1 2 3 4 5 6 7
A(x1, %) = X1V x2 LS| C|T|C|Cc|Cc|C
2 | C|S|C|C|T|C|C
s|clclvic|clc|c
s« - CcCc@ccc
s|C|C|C
s CF C
| C|C|C




Lemma I

South-East grid-embedded circuit SAT is NP-complete, with gates
A,V,0 and S;.




Lemma I

South-East grid-embedded circuit SAT is NP-complete, with gates
A,V,0 and S;.




Lemma I

South-East grid-embedded circuit SAT is NP-complete, with gates
A,V,0 and S;.




Lemma Il

South-East grid-embedded circuit SAT is NP-complete, with gates
A,V,0 and S;.




Lemma Il

South-East grid-embedded circuit SAT is NP-complete, with gates
A,V,0 and S;.




Lemma Il

South-East grid-embedded circuit SAT is NP-complete, with gates
A,V,0 and S;.




Lemma Il

South-East grid-embedded circuit SAT is NP-complete, with gates
A,V,0 and S;.




Lemma Il

South-East grid-embedded circuit SAT is NP-complete, with gates
A,V,0 and S;.




Lemma I

South-East grid-embedded circuit SAT is NP-complete, with gates
A,V,0 and S;.




Lemma Il

South-East grid-embedded circuit SAT is NP-complete, with gates
A,V,0 and S;.




Lemma Il

South-East grid-embedded circuit SAT is NP-complete, with gates
A,V,0 and S;.

(3,0) (0,3)




Lemma Il

South-East grid-embedded circuit SAT is NP-complete, with gates
A,V,0 and S;.




Lemma Il

South-East grid-embedded circuit SAT is NP-complete, with gates
A,V,0 and S;.

(3,0) (0,3)




Lemma Il

South-East grid-embedded circuit SAT is NP-complete, with gates
A,V,0 and S;.

(3,0) (0,3)




Lemma Il

South-East grid-embedded circuit SAT is NP-complete, with gates
A,V,0 and S;.

(3,0) (0,3)




Lemma Il

South-East grid-embedded circuit SAT is NP-complete, with gates
A,V,0 and S;.




Lemma I

South-East grid-embedded circuit SAT is NP-complete, with gates

A,V,0 and S;.

V10

0

Y

VIS|V|IV]O0

V|A|O

0

0

0
0

S|IAN|VIV|VI|IA|V

V10

VIVIV|A|O

0
0
0

<

)




Lemma I

South-East grid-embedded circuit SAT is NP-complete, with gates
A,V,0 and S;.

> <|I<[<[ >0 +&

o|lo|o|lo|<|olo|olo
ol<|<|ln<|olo|of—
ol<|o|l>|<|olo|olnv
ol<|o|l<|>|<|<|<|w
o|lo|o|l<|o|lo|<|o|u
olo|lo|l>|<|<|<| oo
o|lo|o|l<|o|lo|olo|~

~NOoO Ok~ WwN = O

<

Problem!!!



Lemma I

South-East grid-embedded circuit SAT is NP-complete, with gates

N, V, 0 and S,'.

oloo|>|o|o
>1> 1> I<|lolo
>lolo|>|o|o
0nI<|I> > 1>I<
> > <> o>
olo|>|<|lo|>
olo|>W0n|> >
olo|>|o|o|o
— N ™M S 0O
oclo|lo|>|o|o
>1> 1> I<|lolo
>lolo|>|o|o
0nI<I> > 1>I<
> > < |> o>
olo|>|<|lo|>
olo|>W0n|> >
olo|>|o|o|o
— N ™M S 0O




Gates V,A,0 and S

o|o|o|o|>|o|o|o o|lo|o|o|>|o|o|o
o|lojlo|o|>|o|lo|o o|lojlo|o|>|o|lo|o
o|lojlo|o|>|o|lo|o o|lojlo|o|>|o|lo|o
oclo|o|(> (> |>|>|> ojlo|o|o|>|>|>|>
> >|>|<|o|lo|o|o o|lo|jo|lo|o|o|o|o
olo|lo|>|o|o|o|o o|lo|o|o|lo|o|o|o
oO|lo|o|> | o|o|o|o ool |Oo|Oo|oO
oO|lo|lo|> | o|o|o|o o|lo|lojlo|lo|o|o|o
o|o|o|o|>|o|o|o o|lo|o|o|>|o|o|o
o|lojlo|o|>|o|lo|o o|lojlo|o|>|o|lo|o
o|lojlo|o|>|o|lo|o o|lojlo|o|>|o|lo|o
oclo|o|> (> |>|>|> ojlo|jo|loWn|>|>|>
> >|>|>|o|lo|o|o o|lo|jo|lo|o|o|o|o
olo|o|>|o|o|o|o o|lo|o|o|lo|o|o|o
oO|lo|o|> | o|o|o|o o|lolojlo|lo|o|o|o
oO|lo|lo|> | o|o|o|o o|lo|lojlo|lo|o|o|o










0>—>—>vly v
Y MO0 >y
A 7 L'O P>y
0 0 0 ! y v >
by by N
0 ~>1 g v
y [0 PPy 4
0 5 N v Y M Ay
! v >
by N [N
0 \/ C “0$W‘ * A
v >V >y Y
v v > Cl>hy
4 v ‘ >
>y >y by

Therefore South-East grid-embedded circuit SAT is NP-complete,
with gates A, V,0 and S;.



Finally...

Theorem

AsyncUnstabileity is NP-complete.

Remember: South-East grid-embedded circuit SAT is
NP-complete, with gates A, V,0 and S;.
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S; gatein £ |
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Concluding remarks

» We have a very restrictive NP-complete problem for (A)CA

> We simple local rule with a complex behavior in synchronous
and asynchronous update

> To explore the “one way " (A)CA



Gracias!
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